A computer search for simple multi-dimensional wavelets  by Ashino, R. et al.
Computers Math. Applic. Vol. 28, No. 5, pp. 57-69, 1994 
Copyright@1994 Elsevier Science Ltd Pergamon 
Printed 
0898-1221(94)00141-3 
in Great Britain. All rights reserved 
089%1221/94 $7.00 + 0.00 
A Computer Search for 
Simple Multi-Dimensional Wavelets 
R. ASHINO 
College of Industrial Technology, l-27, Nishikoya, Amagasaki, 661, Japan 
100151.736Qcompuserve.com 
M. NAGASE 
College of General Education, Osaka University, Toyonaka, 560, Japan 
f61530a@cceus08.center.osaka-u.ac.jp 
R. VAILLANCOURT 
DBpartement de mathbmatiques, Universitb d’ottawa, Ottawa, Ontario, Canada KlN 6N5 
rxvsgQacadvmi.uottawa.ca 
(Received and accepted December 1993) 
Abstract-The theory of multi-dimensional wavelets is described in general terms. Then all the 
“simple” wavelets for a given three-dimensional multiresolution analysis with a real-valued function 
mo(<) multiplied by complex exponentials, are exhibited by means of a computer search. It is also 
proved, by an exhaustive computer search, that no such “simple” wavelets exist in dimension four, 
and, by an inductive argument, nor in higher dimensions. 
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1. INTRODUCTION 
Wavelets have their origin in many fields of pure and applied mathematics (Calderon-Zygmund 
operators, space- and time-localized orthogonal functions), physics (coherent states) and engi- 
neering (signal analysis) (see [l] and references therein). 
In the present paper all “simple” wavelets in W3, originating from a single real-valued function 
m,,(t) multiplied by complex exponentials, are contructed by means of a computer search. More- 
over, by a similar exhaustive computer search, it is shown that no such “simple” wavelets exist 
in R4. It then follows, by induction, that none exist in Wn, n > 4. Although these results can 
be proved by mathematical methods [2], the simple computer search presented here has a merit 
of its own, which, not the least, was to indicate what conjectures were to be proved or disproved 
mathematically, and it could be used in other circumstances. 
For general multi-dimensional wavelets originating from a multiresolution analysis in R?, by 
Proposition 1 below, one has to prove the existence of a 2n x 2n unitary matrix, (m,([+cr,n)) for 
almost all 5 E I!?, ( see the next section for the notation). But in the case at hand, after factoring 
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out a complex exponential for each column, each entry of the matrix reduces to fl times one 
of 2n symbols; thus, “simple” wavelets exist if and only if the columns of this symbolic matrix 
are orthogonal. Hence, computation reduces to integer arithmetic with very simple symbolic 
computation. It was previously known that such unitary matrices exist in R1 for real or complex 
mc(<) (see [3]) and in lR2 for real me(c) (see [4]). 
To illustrate the above discussion and for completeness, we immediately show how the unitary 
matrices, in lR1 and R2, lead to matrices with orthogonal columns, in the symbols pe,pl, and 
CLOT... 7 ~3, respectively. 
In lR1, if a real- or complex-valued 2r-periodic function me([) satisfies the identity ]rn~([)]~ 
+]me(c + r)12 = 1 for almost all <, and ml([) = e -%e(E + n), then the 2 x 2 matrix 
[ 
mo (0 ml (5) m0 (5) e+ TiTO({ + 7r) 
rno(E +7r) ml(l+7r) 1 [ = rno(I +7r) -e+Xo(C) 1 
is unitary for almost all 5. For our computational purpose, this matrix can be represented by a 
matrix with the complex symbols ,QJ, ~1: 
PO Pl 
[ 1 Pl -Po . 
It is clear that the columns are orthogonal with respect to the complex scalar product. 
Similarly, in R2, with a (27r x 2n)-periodic real-valued function mc(&, &) such that 
Im0(E1,6)12 + Im0(&, J2 + 7r)12 + Imo(& + r, t2)12 + lmo(~l + r, c2 + *)12 = 1, 
and ml, m2 and ms as in the first row of the following 4 x 4 matrix, then this matrix is unitary 
and gives rise to a symbolic matrix with orthogonal columns: 
[ 
m0(&,52) e-i(E1+E2) mO(&, 52 + 7r) epic1 m0(51 + r, t2) 
m0(b, E2 + r) -e+E1+E2) mO(&, J2) emit1 m0(& + 7r, 62 + 7r) 
mo(E1 + r, C2) -e-i(E1+E2) mO(& + x, t2 + 7r) -e+l mO(&, J2) 
m0(& + rIT, E2 + r) e-i(E1+E2) mO(& + 7r, <2) -epic1 m0(&, & + 7r) 
eeiE2 m0(& + 7r, 52 + 7r) 
-emit2 mo(& + 7r, &) 
epic2 m0(51, 52 + r) 
-e+ m0(&, E2) 
I*[;; f g -g 
Other methods for constructing nonseparable multi-dimensional wavelets exist. See, for exam- 
ple, [5-71. 
In Section 2, we give a general introduction to multi-dimensional wavelets for the comprehension 
of the problem in hand. In Section 3, we obtain the “simple” wavelets in three dimensions, and 
in Section 4, we show that no such wavelets exist in dimension four and higher. 
2. MULTI-DIMENSIONAL WAVELETS 
We give a brief introduction to multi-dimensional wavelets leading to Proposition 1, below, 
which is the basis of the existence and nonexistence results of this paper. 
NOTATION 1. The following notation will be used. 
l f.jk(z) is the scaled and shifted function 
f. (Cc) = 2nq(2 3k jX - Ic), j E z, Ic E zn, f E L2(Ilq. (2.1) 
l R = (0, l}n is the set of 2n vertices of the n-dimensional unit cube. 
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l E = R \ ((0,. . . , 0)) is the set of vertices of R less the origin. 
l N={O,1,2,...} h t f t is t e se o na ural numbers including zero. 
a r E N throughout the paper. 
0 cz = ((Yi,cQ,.. . , an), aj E N, is a multi-index of nonnegative integers. 
0 ~a~=ai+cr2+~*~ + (Y, is the length of the multi-index (Y. 
. aa =dalaQa . . . aan. 
l G(t), %hzi E IV,“& 2?rZn-periodic if it is 2n-periodic in each &, j = 1,2, . . . , n. 
DEFINITION 1. A family {&}EE~ is called a family of 2n - 1 mother functions (or elementary 
WaveJets) dk E L2(an) if {&jk)&E,j~Z, kEZ” is an orthonormai basis of L2(W”). The $,jk axe 
called wavelets. 
REMARK 1. An intuitive geometric explanation why 2 n - 1 mother functions are needed is es 
follows. If, after approximating Wn by the lattice Zn, we want to approximate it by the more 
refined lattice (l/2) Z*, then we need to add 2n - 1 extra points for every point in Z”. A functional 
analytic answer will be given in Remark 7 below. 
DEFINITION 2. A family of mother functions {&}EE~ is said to be r-regular if every & satisfies 
the following three conditions. 
(cl) 
cc21 
(4 
Regularity: 
&qx) := a,“$&) E L”(F), E E E, 1~1 5 T. (2.2) 
Localization: For every positive number N, there exists a positive number C,v such 
that 
l$!*)(z)l I CN(~ + Ix~)-~, a.a. 2, E E E, IcyI I T. (2.3) 
Oscillation: 
(2.4 
REMARK 2. Condition (~3) is equivalent to G?‘(O) = 0, for IcrI i T, where q(z) and its Fourier 
transform $(^<r) are related by the formulae 
A central feature of wavelets is their localizing property in both the x- and t-spaces. Since the 
support of $Ejk becomes very big as j --+ -00, even if every '$cjk has compact support, we look 
for appropriate bases for the spaces spanned by {'$cjk}EEE, jc(_1,-2,... ),~Ez" 
following subspaces of L2(lWn). 
NOTATION 2. For all j E Z, let 
by considering the 
wEj := sPan{&jk)kEzm, E E E; Wj := @ Wej; 5 := 
j-l 
@ wk. (2.5) 
EEE k=--oo 
DEFINITION 3. A function v(x) E Vo is c&d a scaling, or father function if {cp(x - k)}&@ is 
an orthonormal basis of VI. The scaling function p(x) is said to be r-regular if it satisfies the 
above regularity and localization conditions (cl) and (~2) and the following scaling condition: 
(~4) Scaling: 
J Wn cp(x)dx = l. 
(2.6) 
REMARK 3. It is remarked in [4, Section 2.10, Proposition 71, that Condition (~4) implies that 
G(“)(O) = 0 for 1 5 loI 5 2r + 1. There exist examples of wavelets {'$cjk}EEE, jEz, &Zn which 
have no father function. 
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DEFINITION 4. The generalized Fourier series expansion with respect to the orthonormal basis 
{$‘ejk)eEE, jCZ, kEZ” U {cp(x - k)}kEzn is call a wavelet expansion. 
REMARK 4. By Definition 4, for every j E z, {‘$ejk}EEE,kEZn U {~jk}&zn is an orthonormal 
basis of Vj+l. 
To construct r-regular mother and father functions, we use a multiresolution analysis [3], by 
which mother functions can be constructed from a given father function, p(x). 
DEFINITION 5. An increasing sequence {vj}jez of closed subspaces of L2(Rn), 
. . . c v-2 c v-1 c VT c Vl c v2 c . . . ) 
is called a multiresolution analysis if it satisfies the following four properties: 
(a) njez Vj = (0) and Ujez Vj is dense in L2 ( Wn) ; 
(b) f(x) E vj if and only if f(2x) E vj+l; 
(c) f(x) E Vo if and only if f (z - k) E b for every k E Zn; 
(d) there exists a function g(x) E Vo such that {g(x - k)}kEZn forms a Riesz basis of Vo. 
DEFINITION 6. A sequence of functions {g(x - k)}k,g,= is called a Riesz basis of V, if there exist 
positive numbers cl and c2 such that 
for all C2-Sequences ((Yk). 
The definition of a Riesz basis means that the mapping 
(ak) - c akdx - k) 
kEZ” 
defines a topological linear isomorphism from a2(Zn) onto Vo. 
REMARK 5. It is shown in [4, Section 2.101 that an orthonormal 
constructed from a given Riesz basis, {g(x - k)}&Zn, by setting 
b(C) := im f%) 
c kEZ” I$([ + 2nk)j2] 1’2 ’ 
(2.8) 
basis, {cp(x - k)}kEZa, can be 
(2.9) 
where 6(c) is chosen to satisfy I(?(<)1 = 1 f or almost all 5 and p(x) satisfies (2.6). 
DEFINITION 7. A multiresolution analysis {Vj}jcz is said to be r-regular if the function g(x) E Vo 
appearing in part (d) of Definition 5 satisfies the above regularity and localization conditions (cl) 
and (~2). 
REMARK 6. It is shown in [4, Sections 2.4 and 2.101 that p(x) defined by (2.9) is an r-regular 
scaling function. 
NOTATION 3. If T denotes the one-dimensional torus 1[9/27rZ N [0,27r[, then 2T := R/&Z N [0, n[. 
Hereafter we assume that we have a multiresolution analysis {Vj}jEz with a scaling function ‘p 
given by (2.9). 
LEMMA 1. There exists a function mo(<) E L2(‘lP) such that 
4%x) = mow @(Cl. (2.10) 
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PROOF. Since we have the inclusions cp (2-lz) E V-1 C Vi, then cp (2-‘2) can be expanded in 
terms of the basis {cp(z - Ic)}rcezn of VO, 
cp (2-‘4 = c Pkcp(X - k), 
kEZ” 
(2.11) 
where the coefficients /% are defined by the scalar product 
(2.12) 
and the sequence (@k)&z” belongs to C2(Zn). Taking the Fourier transform of (2.11) we have 
(2.13) 
If we put 
(2.14) 
then mc(<) is in L2(lm) and satisfies (2.10). I 
NOTATION 4. Let C+(J) := (27r)+ d< denote the normalized Haar measure of the torus ‘II”‘. 
LEMMA 2. The sequence {cp(x - k)}&p is an orthonormal system if and only if 
8.8. 5. (2.15) 
PROOF. Put 
Q(C) := c I@(5 + 2nlc)12. 
kEZ” 
Since Q(c) E L1(Tn), then its Fourier series, in the sense of distributions in D’(‘lI’~), is 
where 
5(Z) := 
s 
e-i”cQ(J) dp(<). 
Tn 
On the other hand, the orthonormality of {cp(z - k)}kezn is equivalent to 
e-i”(E+2rk)I@(< + 27dc)12 d< 
= 
J 
emi”% dp([) = 6(l), 1 E Z”, 
Tn 
which, in turn, is equivalent to 
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LEMMA 3. The function mo([), defined by (2.10), i.e., @(25) = mo(<) b(s), satisfies the relation 
c Imo(5 + w)12 = 1, a.a. c. (2.16) 
9ER 
PROOF. By Lemma 2, we have 
c Ib(2S + 2nk)12 = 1, 
kE2” 
and, by Lemma 1, 
8.a. t, 
?(2J + MC) = mo(< + 7rk) F(< + ks). 
Put k = 21+ q with k, 1 E Z” and r] E R. Since Z” = 2Z” + R and mo is 2nZ*-periodic, then 
1 - c lmO(< + kr) @(C + nk)12 
= C Im0(t + m712 C IX(t + ~7)) + 27412 
9ER 1EZ” 
= C Im0CE + ~d12~ 
9ER 
because CIEzn I@((< + ~7) + 27rZ)12 E 1 by Lemma 2. I 
Let {cp(z - k)}kEzn be an orthonormal basis of VO. Then there exists a natural isomorphism L 
between the Hilbert spaces VO and a”@?): 
L : v, 3 f - (~fk)kW E e2(zn>, (2.17) 
defined by the formula: 
f(x) = c a.fk’p(x - k), afk := (f(z), cP(z - k))qncq (2.18) 
kEZ” 
NOTATION 5. For f E VO and b(f) = (cUfk)&Zn given by (2.17) and (2.18), set 
mf(<) := c o!fkeeik”. 
kEZ” 
(2.19) 
According to notation (2.19), we have 
ma(t) = 2-%++/2) CO 
Let 3 denote the Fourier transformation in L2(lWn). 
LEMMA 4. The Fourier transforms of VO and V-1 satisfy the relations, respectively, 
3vo = L2(T”) @(EL FV-1 = L2(2Tn) rno(c) p(c). (2.20) 
PROOF. Since the Fourier transformation is a constant multiple of a unitary operator, then 
.?k) = c afk e-ik’Eb(<) 
kEZ” 
defines a natural isomorphism between the Hilbert spaces VO and L2(Tn): 
W&C-+ c Qfk e -ik.E E ,32(q. 
kE2.” 
By Part (b) of Definition 5, f^c[) E FVO if and only if f^(2<) E FV-I. Hence, by Lemma 1, 
f^(2<) = c aYfk e -2ik’E@(2<) = c “fk e-2ik’EmO(c) G(t). I 
kEZ” kEZ” 
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LEMMA 5. Let f, g E VO. Then 
PROOF. 
= c J mr(E + 24 ms(5 + 27% I@(5 + 27N2 44) 
fGc.n I.* 
= s mft5 + 2rh) ms(C + 2rk) MS) Tn 
= (mf~mgh2(T”;dp(f))~ 
The proof is completed by Lemma 4. 
NOTATION 6. Denote the orthogonal complement of L2(2Tn) mc(<) in L2(Tn) by 
I 
F-1 := (L2(2T”) ms(c))’ in L2(Tn). (2.22) 
A family of mother functions is an orthonormal system for the orthogonal complement, (V-l)‘, 
of V-rin VO; this subspace is isomorphic tothe orthogonal complement, (3V_1)1, of .FV_1 
in 3340. Moreover, (3V_1)* is isomorphic to W-1 by Lemma 5. 
LEMMA 6. The orthogonal complements F-1 and (FV-I)~ satisfy the following relations. 
W-1 = Z(t) E L2(Tn); C mo(< + nq) l(< + 7rq) = 0, a.a. < , (2.23) 
7)ER 
F-r@(<) = (FV-1)’ (in FVo). (2.24) 
PROOF. Let 1(J) E s-r. Then for every n(t) E L2(lm), that is, n(2c) E L2(2T”), 
(n(25) mO(E),~tS))LZ(r-) = 0. 
Put < = <’ + rq, < E T”, <’ E 2’F, and 77 E R. Since Tn = 2Tn + rR, then 
Since CqER mo(t’ + ‘rrv) %’ + v) is nZn-periodic and n(2J) is an arbitrary function in L2(21[ln), 
then 
C m0(<’ + 7rv) Z(<’ + ~71) = 0 
7ER 
in L2(2Tn), that is, for almost all E. I 
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REMARK 7. The number of mother functions is 2n - 1 because relation (2.23) for G-1 defines a 
hyperplane in C2”: 
( 
(&?)T?ER E c2”; c mo(C + 7V) *V = 0 
1 
(2.25) 
lleR 
for almost every fixed [ E W”, and there exist 2n - 1 orthonormal vectors in this hyperplane. 
NOTATION 7. Let J, = {O,l,. . . ,2” - 1). Any number ! E J,, can be written uniquely, in the 
base two, as 
e = &i(e) 2n-1 +&4?(e) 2n-2 +. . . + cl(e) 2l + cc(l), 
where each ck(JJ), lc = 0,. . . , n - 1, is either 0 or 1. Write 
(2.26) 
%l,e = (c,-1(c),c,-2(c),...,c~(~),co(~)), eE J,. (2.27) 
Hereafter, we let {cr,,~}ee~, define the ordering of R; we write $0 := cp and, for short, $e := 
II, Q,,#, e E Jn \ {O). 
NOTATION 8. For me(<), e E Jn, satisfying &(25) = me(E)@(E), let 
el,ell E J,. (2.28) 
We see that, for every q’ E R, 
Hence, Mpp (2<) is GP-periodic, and this implies that Mpp(<) E L1(Tn). 
LEMMA 7. The sequence {+esk}ee_r,,kezn is an orthonormal system if and only if 
Mpp (6) E Spy, a.a. E, et, et’ E J,. (2.30) 
PROOF. The sequence {$eOk}e~J,,,kEZ n is an orthonormal system if and only if, for every k E 27’ 
and for C’, en E Jn, 
If we put [ = 2< and substitute 
e = et, et’ 
in the above, then 
$e~,k),(e~~,o) = lR” e 
s 
-2ik’cmej (43 met’ (43 IF( 4433 
e-2ik’Cmp([ + nk’) mett(C + 7rk’) I?(< + rk’)12 &(2<). 
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NOW, put k’ = 21+ q with k’, 1 E Z” and q E R. Since Zn = 22” + R, and me, e 
2&V-periodic, then 
4er,k),(eft,o) = 
ES 
e-2ik’6mef (C + x(21 + 7)) me” (C + 7r(2Z + 77)) 
lEZn,TrER 2Tn 
x I?^(( + 7r(21+ 7))) I2 d/-J(20 
= s,.. e-zik.c 2 met (C + x77) met’ (I + v) 
x c I@^( (C + 20 + v) I2 442<) 
1EZ” 
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E Jn, are 
NOTATION 9. Denote by U(2n) the unitary group of order 2n, that is the group of 2n x 2n unitary 
matrices. 
PROPOSITION 1. The family of functions {$J~}e~~,,\{o) defined by relations $e(2J) = me(E) F(t) 
is a family of mother functions if and only if the matrix 
(me(J+ro,,k); [lo ,..., 2n-1, k+O ,..., 2n-1) (2.31) 
is unitary for almost all 5. 
PROOF. Since we assume the existence of a multiresolution analysis {Vj}jez, then {$e}e~J,,\{o} 
is a family of mother functions if and only if {$ejk}eeJ,, &z” is an orthonormal basis of Vj+, for 
some (equivalently, for every) j E Z. By Lemma 7, it is sufficient to show that {$t(-r)k}&J,, kez” 
is a basis of VO if and only if (me(c + ro,&k))(@) E U(zn). First assume that {$e(_r)k}eeJ,,, kezn 
is a basis of V,. Then {~e(-l)k}e~j,\{o},kEz n is a basis of W-i. Then, Lemma 7 implies that, for 
almost all c E Rn, { (me([ + To,&)); k -+ 0,. . . , 2n - 1) }eeJ,, is an orthonormal basis of (c2”. 
Hence, (me(E + r%,k))(l,k) E WY. C onversely, if (me(t + xok,k))(e,k) E U(2n), then, by 
Lemma 6, { (me(5 + r%,k)); k + 0,. . . ,2* - 1) )ea,,\{o) is an orthonarmal basis of G-1 for 
almost all [ E Bn. Define 
tie(R3 := me@ G(E), e E Jn \ (0). 
Then, by Lemma 7, {~e(-l)k)eEJ,\{O},kEz n is an orthonormal basis of W-1. I 
REMARK 8. It is remarked in [4, Sections 3.6 and 3.71, that a family of mother functions con- 
structed by the above method is r-regular if the multiresolution analysis {Vj}jEzn is r-regular 
and me([) E C~(Im) for 1 E J, \ (0). 
3. THREE-DIMENSIONAL WAVELETS 
In this section, we use Proposition 1 to prove the existence of wavelets &(z) in R3, generated 
by a real-valued function mc(<), satifying (2.16), times complex exponentials: 
mA5) = s iP*‘Emc(J + 7rcr,), o,,A E R, E E R. (3.1) 
We call such wavelets simple wavelets. 
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THEOREM 1. For a given real-valued function ma(x) defined by a scaling function V(E), +?(2~) = 
mo(<) G(E), there are eight sets of simple wavelets in B3. 
We precede the proof by an example of one of these sets. 
EXAMPLE 1. Let {Vj}jcz be an r-regular multiresolution analysis in L2 (R3) with a real-valued 
function ms([) and q(z) be an r-regular scaling function. We define mo(&, J2, J3) by 
mo([) = 2-3 C (97(2_ls), cp(z - Ic)) emik’< 
kGP 
and put 
Since mc(<r,&,<s) satisfies (2.16), it is easy to verify that the matrix (2.31), in this case, is 
indeed unitary. Then the functions @j(x), j = 1,. . . ,7, defined by 
&(2O=m.#)@(E), ,.*.,7, j=l 
are r-regular mother wavelets in R3. I 
PROOF. Without loss of generality, we order the vertices of the unit cube in R3 according to the 
increasing order in the base 2: 
cql = (O,O,O), a1 = (O,O, l), CQ = (0, 1, O), . . . ) a7 = (l,l, 1). (3.2) 
Taking the scalar product ok . al modulo 2, we construct an 8 x 8 matrix of signs, Ss, with 
entries + or - corresponding to the values +l or -1, of the exponentials 
ei+Ik%Il (mod 2)] 
9 k, 1 = 0, . . . ,7, (3.3) 
as indicated by the ((Yk, crl)-entry in Table 1. 
Table 1. Columns of the matrix of signs Ss. 
00 + + + + + 
a1 + - + - + 
Q2 + + - - + 
a3 + - - + + 
a4 + + + + - 
a5 + - + - - 
a6 + + - - - 
a7 + - - + - 
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Table 2. Matrix Ts in the symbols b,, representing the functions mo(< + TCY~) 
ffk\ffl 
- - 
a1 ff2 
- - 
Pl P2 
PO P3 
P3 PO 
P2 Pl 
P5 P6 
P4 P7 
P7 P4 
PS P5 - - 
- 
ff3 
- 
CL3 
P2 
Pl 
PO 
P7 
P6 
P5 
P4 
Taking the sum ok + (~1 = c+ modulo 2, we construct the 8 x 8 matrix, T8 = (tkl), of functions 
tkl := mo([ + 7r(Yk + 7rcq) = mo(E + m,) =: pn, (3.4) 
represented by the symbol pCLn i the (ok, al)-entry in Table 2. 
We denote by .* the componentwise product of vectors or matrices. 
Let 0 = (~(O),a(l), . . . , a(7)) be a permutation of (0, 1, . . . ,7) and denote by ,!G& the matrix of 
signs Ss with its columns permuted by ~7. We construct matrices, S&. * Ts, in the eight symbols 
fpj, j = 0,l. . . ,7, by componentwise multiplication of the jth column of Table 2 by the c+‘)“~ 
column of Table 1. In constructing these matrices, we neglect the exponentials eifiE.c which are 
part of the functions (3.1) entering the matrix (2.31) b ecause every element in a given column 
is multiplied by the same exponential, the f sign having been taken care of by the sign matrix. 
Thus, the matrix (2.31) is unitary if and only if the corresponding matrix SS,~. *Ts is orthogonal. 
Since me(c) is given, then a(0) = 0. It can be seen by a simple testing of the 5040 = 7! 
possible permutations, on computer, that the only permutations producing matrices &+. * Ts 
with orthogonal columns are the eight ones listed in Table 3. 
Table 3. Permutations of the columns of Table 1 producing unitary matrices (2.31) 
in B3. 
40) 
0 
0 
0 
0 
0 
0 
0 
0 
41) 42) u(3) a(4) o(5) 46) 
3 6 7 4 5 
7 2 5 6 3 
2 5 7 6 4 
6 1 5 4 2 
3 2 6 1 4 
7 6 4 3 2 
2 1 6 3 5 
6 5 4 1 3 
The proof is complete. I 
We remark, for the next section, that if a(O) is free to take the values O,l, . ,7, then there 
are 64 admissible permutations, which we do not list here. 
4. FOUR-DIMENSIONAL WAVELETS 
In this last section, we prove that 16x 16 unitary matrices cannot be constructed by the method 
of the previous section. 
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THEOREM 2. There are no “simple” wavelets in IP for n > 3. 
PROOF. Without loss of generality, we order the vertices of the unit cube in R4 according to the 
increasing order in the base 2: 
a0=(0,0,0,0), cr1=(0,0,0,1), crl=(o,o,l,o), . ..) w5 = (1,1,&l>. (4.1) 
If 5’s is the 8 x 8 matrix of signs given in Table 1, then, in the present case, the 16 x 16 matrix 
of signs is 
s16 = 
St3 St3 
[ 1 s, -& ’ (4.2) 
Similarly, if Ts(0, 1, . . . ,7) denotes the matrix in the symbols ~0, ~1, . . . , ~7, given in Table 2, 
and Ts(8,9,. . . ,15) denotes the similar matrix in the symbols ,LLs, pg, . . . , ~15, simply by adding 8 
to each subscript, then, in the present case, the matrix of symbols with subscripts 0,. . . ,15 is 
Tl6(0,1,. . . ,15) = Ts(0, I, ‘. . ,7) 
Ts(8,9,. . . 7 15) 
Ts(8,g,... ,15)] =: [;;: ;;;I. 
Ts(O, 1,. . . 17) 
(4.3) 
To construct a matrix with orthogonal columns out of T 16, we need to permute the columns 
of the sign matrix s1s by a permutation 0 and then multiply the so rearranged &,+ and T16 
componentwise. The resulting matrix is denoted by S1s,C. * Tls. Since mo(<) is given, we do not, 
permute the first column of &s, consisting of +‘s only. 
In this case, it is unthinkable to test all the 15! perturbations by brute force on a computer. 
To reduce this number to a manageable number, we notice that the first eight, columns of 
s~s,~. * Tls will be orthogonal among themselves only if the permutations of the first eight 
columns of 81s multiplying componentwise the upper left submatrix All of Tls come from the 
eight permutations given in Table 3. Similarly, the last eight columns of &s,o. * Tls will be 
orthogonal only if the permutations of the last eight columns of S 16 multiplying componentwise 
the top right submatrix A12 of Tl6 come from the 64 permutations mentioned at, the end of the 
previous section, since in this case a(8) is not necessarily equal to 8. Thus there are 23 x 26 such 
cases. 
Moreover, suppose that for a given Sl+, the situation of the previous paragraph prevails, that 
is, the first and last eight columns of #!?ls,a. * Tls form two sets of orthogonal columns. It then 
follows from the structure of s16 and Tls that, for i, j = 2,3,. . . ,8, we can replace the jth column 
si. * tj with the column Si+Btj, and the kth column si+s. * tk, where 10 < k < 16, with the column 
si. * tk without destroying the orthogonality property. Thus, there are two choices for each of the 
columns 2 to 8, for a total of 27 choices. 
Finally, in all, we have 23 x 26 x 2 7 = 216 = 65536 admissible permutations to test for the 
orthogonality of each of the first, eight columns of Sls,o. * Tls with each of the last, eight columns. 
This is manageable on a computer with a very simple program. 
Since no matrix with orthogonal columns was found, no “simple” wavelets exist in dimension 
four. 
In dimension n > 4, it is easy to see that the structure of S2n and Tzn follows the pattern 
of (4.2) and (4.3), respectively. We proceed by induction on n = 5,6,. . . . Since the upper- 
left corner of dimension 2”-l x 2+’ of the matrix Tzn cannot have orthogonal columns by any 
permutations of the first 2’+l columns of the sign matrix Szn, then no “simple” wavelets exist 
in dimension n > 4. I 
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